[ 101 ] VI. A Second Memoir upon Quantics. By A r t h u r C a y l e y , Esq.
or what is the same thing, suppose that 1 -f A^+ A a# 2-!-& c .= (1 --.r*)-a2(l -a?3)""3...
A little consideration will show that ar represents the of the degree r less the number of linear relations or syzygies between the composite or non-irreducible integrals of the same degree. In fact the asyzygetic integrals of the degree 1 are necessarily irreducible, i. e.
Represent for a moment the irreducible integrals of the degree 1 by X, X', &c., then the composite integrals X2, XX', &c., the number of which is |ai(«iH -l), must be included among the asyzy getic integrals of the degree 2 ; and if the composite integrals in question were asyzy getic, there would remain A 2 -1 ) for the number of irreducible integrals of the degree 2 ; but if there exist syzygies between the composite integrals in question, the number to be subtracted from A2 will be ^( a j + l ) less the number of these syzygies, and we shall have A2-^( a j-J -l) , e. c& 2 equal to the number of the irre ducible integrals of the degree 2 less the number of syzygies between the composite integrals of the same degree. Again, suppose that a2 is negative --/32, we may for simplicity suppose that there are no irreducible integrals of the degree 2, but that the composite integrals of this degree, X 2, XX', &c., are connected by f t syzygies, such as xX2+^X X '+ & c .= 0 , X1X2+ i M /1XX'~j-&c. = 0 . The asyzygetic integrals of the degree 4 include X 4, X 3X', &c., the number of which is ££a1(a1 + l)(a 1+ 2)(a1+ 3 ); but these composite integrals are not asyzygetic, they are connected by syzygies which are augmentatives of the f t syzygies of the second degree, viz. by syzygies such as (XX2+^X X '..)X 2= 0, (XX2+^X X '..)X X '= 0 &c. (7v1X2H-^IX X '..)X 2= 0, (X1X 2+ ja iX X^)X X '= 0, ' £ the number of which i s i a^+^f t . And these syzygies are themselves not asyzy getic, they are connected by secondary syzygies such as Xj (XX2+^X X '..) X2 + j (XX2+ ftXX'..) X X '+ &c.
-X(X1 X 2+^1X X '..)X 2-^(X 1X 2+^X X '..) X X '-& C .= 0, &c. &c., the number of which i s^f t ( f t -1). The real number of syzygies between the com posite integrals X 4, X 3X', &c.
(i.e. of the syzygies arising between X2, XX', &c.), is therefore ^ai(ai+ l ) f t -| f t ( f t -l ) , a n d the number of inte grals of the degree 4, arising out of the integrals and syzygies of the degrees 1 and 2 respectively, is thereforê a x(a ,+ l)(al + 2)(a1+ 3) -2«x(ai+ l) f t + 2 f t( f t"" 1) 5
or writing -a2 instead of j32, the number in question is 2^ («i + 1 ) («! + 2 ) (ax + 3 ) -f-2 ai (ai + 1 ) a2+ 2 a2 (a2 "b 1) •
The integrals of the degrees 1 and 3 give rise to integrals of the degree 4 ; and if all the composite integrals obtained as above were asyzygetic, we should have A4-24«i(ai + l)(«i + 2)(a1 + 3) -2-aia35
i. e. a4 as the number of irreducible integrals of the degree 4 ; but if there exist any further syzygies between the composite integrals, then a4 will be the number of the irreducible integrals of the degree 4 less the number of such further syzygies, and the like reasoning is in all cases applicable. 27. It maybe remarked, that for any given partial differential equation, or system of such equations, there will be always a finite number v such that given v inde pendent integrals every other integral is a function (in general an irrational function only expressible as the root of an equation) of the v independent integrals; and if to these integrals we join a single other integral not a rational function of the v integrals, it is easy to see that every other integral will be a rational function of the y+1 inte grals ; but every such other integral will not in general be a rational and integral function of the v-\ -1 integrals ; and there is not in general any finite number whatev of integrals, such that every other integral is a rational and integral function of these integrals,
i. e. the number of irreducible integrals is in general infinite ; and it would seem that this is in fact the case in the theory of covariants.
28. In the case of the covariants, or the invariants of a binary quantic, A2 is given (this will appear in the sequel) as the coefficient of in the development, in ascend ing powers of x, of a rational fraction where f x is of the form (1 -ff)ft( l -*r*)ft..(] and the degree of <px is less than that of f x . We have therefore
Now every rational factor of a binomial 1-is the irreducible factor of 1-where m! is equal to or a submultiple of m. Hence in order that the series a2, a3.. may terminate, <px must be made up of factors each of which is the irreducible factor of a binomial 1-xm, or if <px be itself irreducible, then <px must be the irreducib factor of a binomial l -xm. Conversely, if (px be not of the form in question, the series a1? a2, a3, &c. will go on ad i n f i n i t u m , and it is easy to see that the in the series such that the terms beyond that point are all of them negative, there will be irreducible covariants or invariants of indefinitely high degrees; and the number of covariants or invariants will be infinite. The number of invariants is first infinite in the case of a quantic of the seventh order, or sep tic; the number of cova riants is first infinite in the case of a quantic of the fifth order, or quintic.
29. Resuming the theory of binary quantics, I consider the quantic
Here writing {«/d; J = a d 6+ 2 6 d (;..+?w&'c)a= X
any function which is reduced to zero by each of the operations X -Yis a covariant of the quantic. But a covariant will always be considered as a rational and integral function separately homogeneous in regard to the facients (#, y) and to the coefficients («, b, .. b', a') . And the words o to the facients and to the coefficients respectively.
I commence by proving the theorem enunciated, No. 23. It follows at once from the definition, that the covariant is reduced to zero by the operation
where XY and YX are equivalent operations, and
and the covariant is therefore reduced to zero by the operation
Now as regards a term aab^. .b^a^.x^, we have
and we see at once that for each term of the co variant we must have -\-m-2[3..-m -2(3' -mu -j -0, i.e. if (x, y) are considered as being of the weights -respectively, and ( , b, .. bs, ') as being of the weights -Jra, -J m + 1 , ..J m -1, \ m respectively, then the weight of each term of the covariant is zero. (x, y ) are considered as being of the weights 1,0 respectively, and (a, a) as being of the weights 0, 1, ..m -1 , m respectively, then writing the the form ____ -2 (/3+ .. -\-m-l|3'-l-/wa'-f-*) = 0, and supposing that the covariant is of the order [h and of the degree Q, each term of the covariant will be of the weight \ I shall in the sequel consider the weight as reckoned in the last-mentioned manner. It is convenient to remark, that as regards any function of the coefficients of the degree & and of the weight q, we have X .Y -Y .X = m 0-2^. Conversely if these equations are satisfied the function will be a covariant. I assume that A is a function of the degree 6 and of the weight J (md-p), satis fying the condition X A = 0 .
mu

But if
And I represent by YA, Y2A, Y3A, &c. the results obtained by successive operations with Y upon the function A. The function Y*A will be of the degree 0 and of the weight ^ (mO-And it is clear that in the series of terms YA, Y2A, Y3A, &c., we must at last come to a term which is equal to zero. In fact, since m is the greatest weight of any coefficient, the weight of Ys is at most equal to md, and there fore if \ {mQ-or .s>^ (md+p),we must have YA A = 0. In particular, a function A of the degree and of the weight \ satisfying the condition X A = 0 , will (also satisfy the equation Y A =0 and will) be an invariant.
32. I take now for A the most general function of the coefficients, of the degree and of the weight J (mO-p ) ; then XA is a function of the degree and of the weight J (m d-ft) -1, and the arbitrary coefficients in the function A are to be determined so that X A = 0 . The number of arbitrary coefficients is equal to the number of terms in A, and the number of the equations to be satisfied is equal to the number of terms in X A ; hence the number of the arbitrary coefficients which remains indeter minate is equal to the number of terms in A less the number of terms in XA ; and since the covariant is completely determined when the leading coefficient is known, the difference in question is equal to the number of the asyzygetic covariants, i. e. the number of the asyzygetic covariants of the order and the degree is equal to the number of terms of the degree 0 and weight ^), less the number of terms of the degree 0 and weight \ (m0-^) - l e B + 6 A = 0 , 3 D + 2 B = 0 , &c.; or putting A = l , we find B = -6, C = 4, D = 4, E = -3, and the invariant is a2d* -6 a b c
Again, there is a covariant of the order 3 and the degree 3. The coefficient of or leading coefficient is A a?d
which operated upon with «B6+ 2&dc+ 3cBd, gives
i.e. B + 3 A = 0 , 3 C + 2 B = 0 ; or putting A = l , we have B = -3, C = 2 , and the leading coefficient is a2d
The coefficient of x?y is found by operating upon this with (3&B8-b2cd6+dB c), this gives + 6 -6 -3 -9 + 12 abd ac2 b2c
i. e. the required coefficient of
and by operating upon this with \ (3& 3 8+ 2cB6HrdBe), we have for the coefficient of
acd b2d 5c2
i. e. the coefficient of is -3 a +6b2d
Finally, operating upon this with J (3&Ba+ 2cB6+^c)3 we have for the coefficient of 3, I have worked out the example in detail as a specimen of the most convenient method for the actual calculation of more complicated covariants *.
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35.
The number of terms of the degree 6 and of the weight q is obviously equal to the number of ways in which < 7 can be made up as a sum of terms with the elements (0,1,2, ...m), a number which is equal to the coefficient of xqze in the development of y )m can therefore be determined by means of this development. In the case of a cubic, for example, the function to be developed is
which is equal to \ + z ( \ + j?+ .r2+^3) + a 2( l +^+ 2 x 2+2a?3+ 2^4+^5+a?6) + &c., where the coefficients are given by the following ta b le ; on account of the symmetry, the series of coefficients for each power of 2 is continued only to the middle term or middle of the series. 
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and from this, by subtracting from each coefficient the coefficient which immediately precedes it, we form the table
1 0 1 1 1 1 2 0 1 0
The successive lines fix the number and character of the covariants of the degrees 0, 1,2, 3, &c. The line (0), if this were to be interpreted, would show that there is a single covariant of the degree 0; this covariant is of course merely the absolute con stant unity, and may be excluded. The line (1) shows that there is a single covaiiant .
MR. A. CAYLEY'S SECOND MEMOIR UPON QUANTICS.
of the degree 1, viz. a covariant of the order 3 ; this is the cubic itself, which I repre sent by U. The line (2) shows that there are two asyzygetic covariants of the degree 2, viz. one of the order 6, this is merely U2, and one of the order 2, this I represent by H. The line (3) shows that there are three asyzygetic covariants of the degree 3, viz. one of the order 9, this is U3 ; one of the order 5, this is UH, and one of the order 3, this I represent by O. The line (4) shows that there are five asyzygetic covariants of the degree 4, viz. one of the order 12, this is U4; one of the order 8, this is U2H ; one of the order 6, this is H 2; and one of the order 0, i. e. an invariant, this I represent by y. The line (5) shows that there are six asyzygetic covariants of the degree 5, viz. one of the order 15, this is U5; one of the order 11, this is U3H ; one of the order 9, this is I P O ; one of the order 7, this is U H 2; one of the order 5, this is H O ; and one of the order 3, this is VU. The line (6) shows that there are 8 asyzygetic covariants of the degree 6, viz. one of the order 18, this is U6; one of the order 14, this is U4H ; one of the order 12, this is IP O ; one of the order 10, this is IP H 2; one of the order 8, this is U H O ; two of the order 6 (I. e. the three covariants H 3, O2 and VU2 are not asyzygetic, but are connected by a single linear equation or syzygy), and one of the order 2, this is V H . We are thus led to the irreducible covariants U, H, O, V connected by a linear equation or syzygy between H 3, O2 and VU 2, and this is in fact the complete system of irreducible covariants; V is therefore the only invariant.
36.
The asyzygetic covariants are of the form U^H9Vr, or else of the form U pU qV r^>; and since U, H, V are of the degrees 1, 2, 4 respectively, and O is of the degree 3, the number of asyzygetic covariants of the degree m of the first form is equal to the coefficient of xT in l -^-(1-^c)(l-tf2) ( l -* 4), and 'asyzygetic co variants of the degree m of the second form is equal to the coefficient of xm in x^( l -x ) ( l-.r2)(l -tf4). Hence the total number of asyzygetic covariants is equal to the coefficient of xm in (1 +«^3) -s-(l ■ -same thing, in 1 -(1-a?)(l-#2)(1-^( l -a ? 4) ' and conversely, if this expression for the number of the asyzygetic covariants of the degree mw ere established independently, it would follow that the iiteducib invariants were four in number, and of the degrees 1, 2, 3, 4 respectively, but con nected by an equation of the degree 6. As regards the invariants, every invariant is of the form Vp, t*e. the number of asyzygetic invariants of the degree m is equal to the coefficient of xm in and conversely, from this expression it would fo there was a single irreducible invariant of the degree 4. 37. In the case of a quartic, the function to be developed is 1 , (1 -*)( 1 -xz){l -***)(! and the coefficients are given by the table. 
(5)
the examination of which will show that we have for the quartic the following irreducible covariants, viz. the quartic itself U ; an invariant of the degree 2, which I represent by I ; a co variant of the order 4 and of the degree 2, which I represent by H ; an invariant of the degree 3, which I represent by J ; and a covariant of the order 6 and the degree 3, which I represent by <E>; but that the irreducible covariants are connected by an equation of the degree 6, viz. there is a linear equation or syzygy between <P2, 13H 3, 12J H 2U, I J aHU* and J 3U3; this is in fact the complete system of the irreducible covariants of the quartic: the only irreducible invariants are the invariants I, J.
38.
The asyzygetic covariants are of the form U*FHrJ*, or else of the form IF P H T O , and the number of the asyzygetic covariants of the degree m is equal to the coefficient of xm in (1 -J-a?3) (1-x ) ( l-x2)2( l -a?3), or what is the same thing, in 1 -xG (1-#)(l -#2)2(1 -x3)29 and the asyzygetic invariants are of the form IPJ ?, and the number of the asyzygetic invariants of the degree m is equal to the coefficient of in 1 -f-(l -#2)(1-Conversely, if these formulae were established, the preceding results as to the form of the system of the irreducible covariants or of the irreducible invariants, would follow.
39. In the case of a quintic, the function to be developed is
(1 -S' ) (1 - (1 -(1 -sfiz) (1 -x4z) (I -sfiz) and the coefficients are given by the tab le: 
and subtracting from each coefficient the one which immediately precedes it, we have the ta b le :
(2)
We thus obtain the following irreducible covariants, viz.-Of the degree 1 ; a single covariant of the order 5, this is the quintic itself. Of the degree 2 ; two covariants, viz. one of the order 6, and one of the ordei 2. Of the degree 3 ; three covariants* viz. one of the order 9, one of the order 5, and one of the order 3.
Of the degree 4 ; three covariants, viz. one of the order 6, one of the order , an one of the order 0 (an invariant).
Of the degree 5 ; three covariants, viz. one of the order 7> one of t e oi er , a one of the order 1 (a linear covariant).
And these covariants are connected by a single syzygy of the degree 5 and of the order 11; in fact, the table shows that there are only two asyzygetic covariants of this degree and o rd er; but we may, with the above-mentioned irreducible covariants of the degrees 1, 2, 3 and 4, form three covariants of the degree 5 and the order 1 1 ; there is therefore a syzygy of this degree and order.
40.
I represent the number of ways in which can be made up as a sum of m terms with the elements 0, 1, 2, ...m , each element being repeatable an indefinite number of times by the notation P ( 0 ,l,2 ,..m )^, and I write for shortness P '(0 ,1,2, ..m )*y= P (0,1,2 ..
Then for a quantic of the order m, the number of asyzygetic covar 0 and of the order p is P'(0 ,l,2
In particular, the number of asyzygetic invariants of the degree is
To find the total number of the asyzygetic covariants of the degree suppose first that md is even; then, giving to ^ the successive values 0, 2, 4 the required number is
md is even, the number of the asyzygetic covariants of the degree 6 is P (0 ,1 ,2 .. m)9 ;
and similarly, when md is odd, the number of the asyzygetic covariants of the degree / *S P (0 ,1,2,.. m-1).
But the two formulse may be united into a single formula; for when md is odd ^ is a fraction, and therefore P ( \ m d )v anishes, and so when md is even -1 fraction, and And from what has preceded, it appears that for a quantic of the order , the number of asyzygetic covariants of the degree 0 is for m eve odd, coefficient x6 in (4 /m +^m ); and that the number of asyzygetic invariants of the degree 0 is coefficient xe in < p m. Attending first to the inv 42. For a quadric, the number of asyzygetic invariants of the degree 0 is coefficient x0 in , which leads to the conclusion that there is a single irreducible invariant of the degree 2.
43. For a cubic, the number of asyzygetic invariants of the degree 6 is coefficient x in = ----1-X* i. e. there is a single irreducible invariant of the degree 4. 44. For a quartic, the number of asyzygetic invariants of the degree 6 is coefficient x® in i. e. there are two irreducible invariants of the degrees 2 and 3 respectively. 45. For a quintie, the number of asyzygetic invariants of the degree 6 is coefficient 0 . 1-a?6+a?12
The numerator is the irreducible factor of 1-it is equal to ( l -a?36) (1 --^(1-x 18) ( l -x 12); and substituting this value, the number becomes
i. e. there are in all four irreducible invariants, which are of the degrees 4, 8, 12 and 18 respectively; but these are connected by an equation of the degree 36, the square of the invariant of the degree 18 is a rational and integral function of the other three invariants; a result, the discovery of which is due to M. the second factor of the numerator is the irreducible factor of 1-a?30, it is equal to (1 -a?30) ( lx 6)(l -,r3) ( l -a?2) -5-(1-#15)(1 -#10)(1--^6)(1 -and substituting this value, the number becomes coefficient x 30 in ^ -#2)(i_ #4)(i -#6)(l-a?10)(i -a?15)'
i. e. there are in all five irreducible invariants, which are of the degrees 2, 4, 6, 10 and 15 respectively; but these are connected by an equation of the degree 30, the square of the invariant of the degree 15 is a rational and integral function of the other four invariants.
47. For a septic, the number of asyzygetic invariants of the degree 6 is 
and the second factor of the numerator is
where the series of factors does not terminate, hence the number of irreducible inva riants is infinite. Substituting the preceding value, the number of the asyzygetic invariants of the degree 0 is coeff.
x 6\ n
(1
-x 6)~\ l -x »
There is certainly one, and only one irreducible invariant for each of the degrees 2, 3, 4, 5 and 6 respectively; but the formula does not show the number of the irre ducible invariants of the degrees 7? &c.; in fact, representing the irreducible inva riants of the degrees 2, 3, 4, 5 and 6 by X 2, X 3, X 4, X 5, X 6, these give rise to 3 com posite invariants of the degree 7> viz. X 2X2X 3, X2X5, X 3X4, which may or may not be connected by a syzygy; if they are not connected by a syzygy, there will be a single irreducible invariant of the degree 7; but if they are connected by a syzygy, there will be two irreducible invariants of the degree 7 ; it is useless at present to pursue the discussion further. Considering next the covariants,-49. For a quadric, the number of asyzygetic covariants of the degree 0 is coefficient xe in n i. e. there are two irreducible covariants of the degrees 1 and 2 respectively; these are of course the quadric itself and the invariant. 50. For a cubic, the number of the asyzygetic covariants of the degree 6 is a. . *<,.
( l + a ? ) ( l + # 2) coefficient x 9 in
The first factor of the numerator is the irreducible factor of 1-X2 , = ( 1 -a?2) --( I -x), and the second factor of the numerator is the irreducible factor of
1-x 4, = ( l -x 4) + ( l -x2);
substituting these values, the number is coefficient x 9 in 1 -a?6 (1 -a?)(l-a?2) ( l -«®)(1-a?4) i.e. there are 4 irreducible covariants of the degrees 1, 2, 3 , 4 respectively; but these are connected by an equation of the degree 6 ; the covariant of the degree l is the cubic itself U, the other covariants are the covariants already spoken of and repre sented by the letters H, <P and V respectively (H is of the degree 2 and the order 3 , 0 of the degree 3 and the order 3 , and V is of the degree 4 and the order 0, i. . it is an invariant). 5 1. For a quartic, the number of the asyzygetic covariants of the degree 6 is coefficient a* in the numerator of which is the irreducible factor of 1-6, i. e. it is equal to (1-#6)(1-a?)-( 1-#2)(1-#3). M aking this substitution, the number is coefficient x° in i. e. there are five irreducible covariants, one of the degree 1, two of the degree 2, and two of the degree 3, but these are connected by an equation of the degree 6. The irreducible covariant of the degree 1 is of course the quartic itself U, the other irre ducible covariants are those already spoken of and represented by I, H , J , O respect ively (I is of the degree 2 and the order 0, and J is of the degree 3 and the order 0, i. e. I and J are invariants, H is of the degree 2 and the order 4, O is of the degree 3 and the order 6). 52. For a quintic, the number of irreducible covariants of the degree 6 is " -. 1 + a?+a?2+4a?8 + 6a?4-|-8a^ + 9a?6 + 10a?7 + 12a?8 + 10a^-l-9a?10+ 8a?11 + 6a?124-4a?,3+a?144-#154-#1< f
' the numerator of which is 3#5-l-a?6+5d?7-f-.r8-4-3#9+ 2 < r 10+ a?11-l--2.r12-.r13-f-# 14) ; the first factor is (1-#)_2(1-<^)2} the second factor is ( i -* ) ( i -* r * ( i -* s)_,(i -* T a(i -*")■(! j which does not terminate ; the number of irreducible covariants is therefore infinite. Substituting the preceding values, the expression for the number of the asyzygetic covariants of the degree 6 is coeff.^in(l -a?)_1(l -#2)"2(l -a?3)"3(l -a?4)"3(l -a?5)"2( l-a?6)4(l -a?7)5( l-#8)6(l -a;9)1^-#10)~9(lwhich agrees with a previous result: the numbers of irreducible covariants for the degrees 1, 2, 3, 4 are 1, 2 , 3 and 3 respectively, and for the degree 5, the number of irreducible covariants is three, but there is one syzygy between the composite covariants of the degree in question ; the difference 3 -1±=2 is the index taken with its sign reversed of the factor (1-x 5)~2.
53.
I consider a system of the asyzygetic covariants of any particular degree and order of a given quantic, the system may of course be replaced by a system the terms of which are any linear functions of those of the original system, and it is necessary to inquire what covariants ought to be selected as most proper to represent the system of asyzygetic covariants; the following considerations seem to me to furnish a convenient rule of selection. Let the literal parts of the terms which enter into the coefficients of the highest power of x or lea Ma, Mp, My,.. these quantities being arranged in the natural or alphabetical order; the first in order of these quantities M. which enters into the leading coefficient of a particular covariant, may for shortness be called the leading term of such covariant, and a covariant the leading term of which is posterior in order to the leading term of another covariant, may be said to have a lower leading term.
It is clear, that by properly determining the multipliers of the linear functions we may form a covariant the leading term of which is lower than the leading term of any other covariant (the definition implies that there is but one such covariant); call this 0 . We may in like manner form a covariant such that its leading term is lower than the leading term of every other covariant except 0*; or rather we may form a system of such covariants, since if 0 2 be a covariant having the property in question, 0 2q_^@i wiH have the same property, but k may be determined so that the covariant shall not contain the leading term of 0 " Le. we m its leading term is lower than the leading term of every other covariant excepting 0 O and that the leading term of ©x does not enter into ©2; and there is but one such covariant, 0 2. Again, we may form a covariant 0 3 such that its leading term is lower than the leading term of every other covariant excepting 0 X and ©2, and that the leading terms of 0 X and 0 2 do not either of them enter into 0 3; and there is but one such covariant, 0 3. And so on, until we arrive at a covariant the leading term of which is higher than the leading terms of the other covariants, and which does not contain the leading terms of the other covariants. We have thus a series of covariants 0 ,, 0 2, ©3> &c. containing the proper number of terms, and which covariants may be taken to represent the asyzygetic covariants of the degree and order in question.
In order to render the covariants © definite as well numerically as in regard to sign, we may suppose that the covariant is in its least terms ( . e. we may reject numerical factors common to all the terms), and we may make the leading term positive. The leading term with the proper numerical coefficient, if different from unity and with the proper power o f x, or the order of the function the covariants of a quantic are tabulated, be sufficient to indicate, without any ambiguity whatever, the particular covariant referred to. I subjoin a table of the covariants of a quadric, a cubic and a quartic, and of the covariants of the degrees 1, 2, 3, 4 and 5 respectively of a quiritic, and also two other invariants of a quintic.
Co variant Tables (Nos. 1 to 26).
No. 1.
No. 2.
The tables Nos. 1 and 2 are the covariants of a binary quadric. No. 1 is the qua dric itself; No. 2 is the quadrinvariant, which is also the discriminant.
No. 3 .
No. 4 .
( 1 No. 5 . No. 26. 
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